
Fourier Analysis 04 - 16

Review
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Then

f- (x) = Jpg £63) e
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Application : Time -dependent heat equation on the real line

{ IF = 3¥ ,
He IR

,
t so

Ufx , o ) = fan .

Define
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Let SAR) denote the Schwartz space , i.e
.
the
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③ UCx.tt⇒ fan as t -so
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IQ : Are there another solutions to the heat equation?



An example :

Let UG.tk IT tftlxl
,

t> o
,
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.

Check : . 2¥ = IT r

• . him UH , t) - o for all x EIR
,

t-30

( If letting 6=0 , U is also a solution )

Propes : Let ft SGR) and Udit) - f # Htc )
.

Then Uf.it) belongs to SUR) uniformly in t in
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,
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Proof . Without loss of generality
,

we prove the result
in the case fit

,
1=1

.



Recall that
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Hence by the Fourier inversion formula,
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Notice that
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Hence
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Thmz ( uniqueness ) .

Suppose U - UH.tt satisfies the following conditions ,
① UE CCIR, ) n E( IRXIRT ) ,

where lRxTR+= f-go)x[0,0) .

tag.

③ 2¥ = III on Rx Rt

③ Ufx , o ) = O
,

XELR

④ Ufo, t ) belongs to SUR) uniformly int .

Then Ufxit) Io on 113×113-1



Proof .

( Energy method ) .

Define for t so ,

b

Elt ) = f l U kits Pdx .

- D

1
Energy

since Ufo , t) E SUR) unit in t
,

Elt) is finite for any tzo .

Elo) = 0 .

Moreover
,

djtftLES.IE/ucx.tiidx--fjdatfucx.ts.ucxTti) dx
= f: 2µA.tl . ULT.tt



1- UH.tt at UTx.tt dx

=L: III. it + u . III dx
int by part
= .fi#,.gI*3YTfFdx
-

-

-
- off. III. Idx
E O

.

Hence Eft) is decreasing function
in t

.

But Floro ,
so we have

Ect) so for t so .



However ECTK £! I UG.tt/dx

EO
.

Hence EctEo for all b- so .

It follows that UG.tl -=o.

HE

85.6 Application 2 : steady state heat equation on the upper half plane .
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Taking Fourier transform in x Varible in c )
,

we obtain

Cori35.473,9 ) t 2%346 = o

"e a.Iytk-4-igzuk.si - o
The general solution of the above ODE is

-21T Bly
IG , y ) = ACHE + Bpg ) . e

"THIS

where ACH
, 13131 are functions

in 8
.

Removing the second part (since it is rapidly increasing!
we have

Ifs , 9) = Afg , . e-
2451 ?

Letting f- o ,



ICH = Also )

Hence

Ifs , y ) = ffg , . e
- 21715lb

.

Now let us introduce the Poisson kernel
on the upper half plane

BG ) = ¥ ×÷y, ,

HEIR
, Y > o

.

-Claim : (§ = e-2*151!
-

Then Ifs ,
g) = ICH - Ital
~

= f*3y (3)
By Inversion formula , we get
Ux , y ) - If*3glxTf
y

'



Lem 's
.

Cis f e-
"Khe""×dg= pycx ,
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= IT g÷yi
Taking complex conjugate on both sides of the above

equation gives

fu, e-
HIM 9 e2Ti3×d× = IT g÷yi

This is the result in Ci )
.

Now Lii ) is simply obtained

by Inversion formula ,

Lem 4 : { By by > o is a good kernel on IB ..

-1hm 5 .

Let ft SGR) and UG,D= f- * By Cx ) .
Then ① UE CTIRX Rt ) and 04=0

② Ufx , g) ⇒ fan as y → o

③ f I ucx , y) - fan Pdx -so as y -so



④ UH , y ) → o as fxlty →a.

Pf . Here we only prove ④• we need to prove
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